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In this paper we study the unsteady flow of a weakly ionized inviscid
gas between parallel walls in the presence of a transverse magnetic
field.

By means of a Laplace transformation we obtain the exact solution of
the problem under the assumption that we can neglect the drift of ions
relative to the gas, and also the effects of compressibility. Reduction
of the solution to real form is achieved for the case of ideally con-
ducting walls.

It is shown that in contrast to the usual case of isotropic conduct-
ivity the nonstationary regime under consideration always has the nature
of damped oscillations.

1. Formulation of the problem. Let us consider the unsteady
motion of a gas which conducts electricity between two parallel plates
{the walls of the channel), subjected to a constant pressure gradient P
and with a uniform magnetic field perpendicular to the walls (Fig. 1).

If ot << 1, then the conductivity can be taken to be a scalar quantity
(o is the cyclotron frequency of the charged particles, T is the mean
time between collisions). Under these conditions in the problem under
consideration not only the velocity but also the induced magnetic field
has only a component in the direction of the imposed pressure gradient
{Ox), whilst the electric field and the current are directed along the
axis of y. If, however, the condition wt << 1 is violated, then the con-
ductivity will have an anisotropic character and the flow of gas will be
complicated, since the vector of current density will acquire a component
along the x-axis, causing in its turn a cross flow of the gas, and so on.
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In what follows we shall assume that the relation o;v; << 1 is ful-
filled for the ions. This enables us to neglect the effect of the drift

of the ions relative to the gas and to make
use of Ohm’s law in the form [1-3]

P j+“%’-:ij=c(E+va) (1.1)

where j is the current density, Il and E are
2a 0)—————  the magnetic and electric fields, v is the
l velocity of the gas, o is the conductivity, o,
is the cyclotron frequency of the electrons,
/0, T* is the mean time between collisions of
electrons with ions and neutral particles
Fig, 1. (assuming the CGSM system, where the coeffi-
cient of magnetic permeability is taken as

equal to unity).

The system of equations of magnetohydrodynamics for an ideal incom-
pressible medium takes the form (p is the density, p is the pressure of
the gas)

P[z—: —(VV)V]=——Vp+j><H, divv =0 (1.2)
rotE—_——%ItI_, divH = 0, j:%rotﬂ

In the case under consideration the velocity vector and the induced
magnetic field have components only along the axes of x and y, which de-
pend upon z and t and satisfy a system of partial differential equations.
After introducing the dimensionless quantities

v _H __E oz ot
U= bh=gp, e=gge. L=, v= 3
P.a H2sa H, e .
P = P:'Coz , Ry =4ncav,, S= —POT’ B = o,* H° =—”—L-H01:*

(vy is a characteristic velocity, e and m are the charge and mass of the
electron) the aforesaid system takes the form

oh 1 ( h 4B 0%h,, ) n du, oh,, 1 (82hy *h ) ou,,
7 TR\ g & o R \we Pam)tor
Ju s oh ou S Oh
x L Tx it e
Jt _P+Hm C)g ’ T ‘Rm I3 (1.4\

If we define the components of pressure gradient by the relations
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then all the equations of magnetohydrodynamics are satisfied when the
components of the electric field are given by the following formulas

1 [ Oh, Ok
=R (B o @) T

" ¢ < e—uh—uh—iahZ
, 1 (Bahy . ah"‘)+u e e Y s
=7 \B5 +3F ,
v=R\P o T x

/

(1.6)

The system (1.4) has to be solved from zero initial conditions
U, =t,=hy="h,=0 whent=0 (1.7)

and boundary conditions which ensure continuity of tangential components
of electric and magnetic fields on passing from the region of the gas to
the walls of the channel (the index * relates to the region of the walls)

® E [N /
hy = h*, h,=h* e, =e" ¢, =e" when{:=-41 (1.8)

Accordingly, to solve the problem in the case of walls of finite con-
ductivity (o*) it is necessary along with the system (1.4) to consider
the equations of electrodynamics in the region || > 1 (we neglect the
displacement current)

M p kg Ok der  ohp de ¥ b
ag — e Cvo ag — tm =0 ox” T T Tov 9 ot
(1.9)

with the initial conditions
ht* =h*=0 whent=0 (1.10}

It will be assumed that when |{| - « the electromagnetic fields re-
main bounded. Accordingly the problem reduces to solution of the systems
(1.4) and (1.9) with the boundary conditions (1.8) and the initial con-
ditions (1.7) and (1.10}.

2. The general solution of the problem. Applying to (1.4) the
Laplace transformation and introducing the notation

F & p)=\7(Everdr (2.1)

DL —~7Q

we obtain for the region || < 1 allowing for the initial conditions
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(1.7)
Pty _ S
PUem b e pUy= oty 22
1 ”n L4 ! 1 ” n ’
plﬁczzjz;(11x %_B}{y)‘FIJxv p£ﬂ1:=7z:(b% _"Ble)‘+ U@

Eliminating the quantities U_ and U_ leads to the following system
relating the Laplace transforms of the induced magnetic fields

(1+ ) H + BH, — RppH, = 0

(1311 (2.3)
<1+ S?\ H'—BH,"— RupH,=0

If we set
¢ = h,—ih, (2.4)
then the system (2.3) can be written in the form of a single equation
(1 4B+ —*;-\ " — pR,® =0 (2.5)

Tuploying the Laplace transformation in the solution of Equations (1.9)
with conditions (1.10) leads to the following system for the region
o> 1

Hx*' = Rm*Ey*» pHx* = Ey*,y Hy*, = Rm*Ex*v pHy* = _—Ex*' (26)
Solving the equations
H* — pR*H* =0,  H* — pRo*H,* =0 (2.7

which follow from (2.6), and taking into consideration the condition of
boundedness when |[| = =, we have (here and in what follows the upper
sign relates to the region 7 > 1, whilst the lower sign refers to the

region { < - 1)

H.* = Mexp(— ||V R.*p), H* = Nexp(—|t| VR p) (2.8)

The relations so obtained emable us, without finding the intensity of
the electromagnetic field in the channel walls, to construct the bound-
ary conditions required for the solution of the fundamental equation
(2.5). At the same time, applying the Laplace transformation to Formulas
(1.6) and eliminating the quantities U_ and Uy with the help of Equa-
tions (2.2), we obtain
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(2.9)
Ee= [0 — (14 5 ) By |, By= g[8+ (14 5 ) B |+ 5
Now, expressing the electric fields in the walls in terms of the
magnetic fields
EX=+Vp/RFH}  Ef=TFVp/R H.* (2.10)

and taking the Laplace transforms of (1.8}, we obtain the required bound-
ary conditions:

(B2 — (1 S )H |, =+ RV PT R Hylien (211)
(B 4+ (14 2V 0] " = RV PR Bl

which can be written in the following form

. SN\ gy — % PR, N
[(t+is+ )V LR VI[RFD]_ +—=0 (212
Accordingly, the problem consists in the solution of [Equation (2.5)
with the boundary conditions (2.12).

By virtue of the fact that the fields h and hy are odd with respect
to the coordinate [ we obtain

pV i
O = Asimn7E, = (2.13)
! I eSO R
where the quantity A is found from the boundary conditions (2.12)
PR
/P L - m (2.14)
(1+ip + S/ p) TeoshY + R, V p/ K, *sinhy P

General formulas for the induced magnetic fields are easily obtained
now with the help of the inversion theorems of Riemann and Mellin

h, = Re g, hy=—Img (2.15)

P bt-ico : (1)
= —5 == exp (PT) g 2.16
¥ 2aui b_-\ioo P veosnt + Vo] Rojsmy P T (2.16)

Similar expressions for the velocities u and u, can be found, start-
ing from the following relation which arises from "(2.?)
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. P N '
Ux—_lUU_?_i—__pRm @ (2.17)
Accordingly
uy =Pt +Rey, u,=—Imy (2.18)
where
b--i00
p=— D51 YooshT exp (2% g (2.19)

Ry 2nt o p)ycosst +Vp/ By Fsimny P

With this, the general solution of the problem can be regarded as
complete.

The actual carrying out of the calculations putting the solution so
obtained into tangible form turns out to be rather complicated, which is
connected in particular with the multi-valued nature of the transformed
functions and the mixed character of the spectrum of eigenvalues (see
[4], where similar circumstances occurred in the flow of a viscous fluid
with isotropic conductivity). Accordingly in what follows we shall re-
strict ourselves to the special case of ideally conducting channel walls.

3. Flov in a channel with ideally conducting walls. Setting
* = o in the formulas of the preceding section, we obtain the general
solution of the problem in the following form:

h, (§, 1) = Reg (L, 1), hy(§,v) = —Img (g, 1)

3.1

u, (L, 1) = Pt+ Rey (L, 1), u, (6, v)=—Imvy @, 1)

where, as before, we have introduced the notation
(3.2)
p b+ico : Ps b+ico .
YsinhY ‘cosh
¢=— Sni x pscosh’rexp (pT) dp’ Y= 2J'EiHm S TP%OS':_E exp (pT) dP
b—ico b—1ic0

Singular points of the integrands occur at the poles p = 0 and p = p:
the latter are obtained by solution of the equation cosh y = 0 and give
formulas (n =0, 1, 2, ...)

Prio™ IR, “M‘)[‘”V“m]' b= (33)

Application of the theorem of residues leads to the solution of the
problem in real form
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hy=hS + 2PR,ReF,,  h,=hS—2PR,ImF,

4y = u° + 2PSRe F,, u, = u® — 2PS1m F, (3.4)
where we have introduced the following notation: (3.5)
1 Q| exp(pyT)  exp(p,,T) (—1)"sin At
F ,T) = i L nl . n2 } n
15, 7) =15 + B g P Ppg MEVI—4R _STA Ty
o exp (P, 7) exp (p,,T) (——1)"COSAnC
F2 (€, E l: - :l - 2 i3)2
1 + B P, P A VI—4R, STA2(1+iB)

and separated out the steady regime

33 ° L . _ P

N
2i-pe2 U, =—-B (3-6)
/)‘\ ‘

A

\ s Accordingly, in the case of
\\</ / ideally conducting channel walls
[

/ there exists a steady regime, in
sri which gas flows uniformly with velo-
20 30 4o city v,°=P_/H, 25 in the direction
Fig. 2. of the appl1ed pressure gradlent P,
but also with velocity v ° = - Bv
in the perpendicular direction.
Moreover, there is flowing through the gas a constant current with
density jy = - Px/Ho’ and there is no electric field.

0 /

Setting p = 0 in the solution so obtained, we find the value of the
fields and velocities for the case of isotropic conductivity*:

he = —

i {exp(qmr) exp(qng‘t)} (—1)"sinA g

o Im Ine AEVI—4R SN2

L%8

U, = -§4+ 2PS Re

[exp(qnlr) exp(qn2r)} (——1)"coskn§ 3.7)

n=9 qnl qng A’n Vi - 4RmS / 7"n2 -

h, =0, u, =0

* A similar problem is considered in [5].
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A2 _ 4R_S

From the formulas thus obtained it follows that when .SBM < (1r/4)2 all
the g, are real negative numbers, so that the transitional regime has an
aperiodic nature. If, however, SR > (w/4)2, then a certain finite
nunber (N) of the numbers g, are complex (with negative real parts) and
the transition to the steady regime takes place by way of damped oscilla-
tions with frequencies

A2, 4R, S
— o< N—1
IR_a e 1 O<r< )

n

It appears that the presence of anisotropic conductivity brings an
essential change in the nature of the transition process, namely, the
oscillatory process occurs for any arbitrarily small value of the mag-
netic Reynolds’ number R .

In order to show this, let us consider the asymptotic expressions for
the fields and velocities arising from formulas (3.4) and (3.5) when

RO<< 1 (A =8/(1+pH):
PR, . , \
h, = — E— E[1 — exp (— AT) cos At} 4+ O (R,?) 3.9)
h,=— ~—Sﬂ Lexp (— At)sin At + O (R,?)

u, = —? [1 — exp (— AT) (cos A3t — B sin ABt)] 4 O (Ry)
Uy = — % [B — exp (— AT) (sin ARt + B cos ABT)] + O (Ry)

It will at the same time be assumed that the magnetic interaction
parameter S is a quantity of order unity. This is the case, for example,

for sufficiently strong maznetic fields.

From the last formulas it is clear that when R << 1 and p # 0 (in
the presence of anisotropic conductivity) the transition regime 1is
accomplished in the form of oscillations with frequency AP, whereas
when §p = 0 (in the absence of anisotropy) it has a purely aperiodic
nature.

In conclusion we present graphs of the values of the transverse
fluxes (Figs. 2 and 3) and the total electric currents flowing in the
gas (Fig. 1), constructed with the help of Formulas (3.9) for various
values of the time St = Hozo/pt and the parameter of anisotropy [ and
referred to the quantities ZPUOG/S and PR JI,/2nS, respectively.
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